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Abstract
Underwater wireless optical communication is one of the critical technologies for buoy-based high-
speed cross-sea surface communication, where the communication nodes are vertically deployed. Due to
the vertically inhomogeneous nature of the underwater environment, seawater is usually vertically divided
into multiple layers with different parameters that reflect the real environment. In this work, we consider
a generalized UWOC channel model that contains N layers. To capture the effects of air bubbles and
temperature gradients on channel statistics, we model each layer by mixture Exponential-Generalized
Gamma (EGG) distribution. We derive the PDF and CDF of the end-to-end SNR in exact closed-form.
Then, unified BER and outage expression using OOK and BPSK are also derived. The performance
and behavior of common vertical underwater optical communication scenarios are thoroughly analyzed
through the appropriate selection of parameters. All the derived expressions are verified via Monte Carlo
simulations.
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I. INTRODUCTION
Underwater wireless optical communications (UWOC) is emerging out as a powerful technol-
ogy for real-time and ultra-high underwater applications whether used alone [1] or in combination
with acoustic counterpart to form so-called acoustic-optical hybrid communications [2].
Nevertheless, the performance of UWOC systems is primarily limited by absorption, scattering,
and turbulence. Absorption and scattering that depict the energy loss and direction deviation
when photons propagate underwater, have been well studied. Turbulence is defined as the rapid
fluctuation of the refractive index along the path of the optical field traversing the water medium,
caused by the variations in temperature, pressure, salinity, and air bubbles, resulting in signal
fading that impairs the UWOC system performance. On the other hand, typical link configurations
of UWOC systems include horizontal and vertical configurations. While horizontal configuration
has been welled-studied [3]–[6], vertical one has not received enough attention.
The difculty of vertical link configuration arises because physics properties of water medium
exhibit vertical variability which makes the propagation properties of UWOC channels verti-
cally inhomogeneous as well [7]–[9]. Moreover, as the refractive index is depth-dependent, the
turbulence characteristics of the vertical UWOC link also vary with depth [10]. Considering
the inhomogeneity of turbulence with depth, a layered turbulence model is proposed for the
vertical UWOC system, where the turbulence within each layer obeys the same distribution with
different parameter values. Both Lognormal [11] and Gamma-Gamma (GG) distributions [12]
that are used for modeling atmospheric turbulence, have been adopted for such vertical layered
model.
However, the medium that causes stochastic refractive index changes underwater and in the
atmosphere is quite different [13], which results that the statistical distributions commonly used
in atmospheric turbulence cannot accurately describe underwater turbulence. Recently, using the
water tank experiments, a number of models have been proposed to model the turbulence [14],
[15]. Among them, the Mixture Exponential-Generalized Gamma (EGG) distribution is proposed
to characterize the turbulence that takes into account not only the effects of air bubbles, but also
the temperature gradients, in both salty and fresh water.
However, to the best of authors knowledge, this is the first comprehensive performance analysis
of the vertical UWOC system using the layered mixture EGG fading model, which takes into
3account not only air bubbles and temperature gradients, but also the depth-dependent properties
of the refractive index. We derive the exact closed-form expressions for ABER, capacity, and
outage probability in terms of Fox’s H function, which applies to both the types of detection
techniques, i.e., heterodyne detection and intensity modulation/direct detection (IM/DD) and
serval modulation techniques. Further, we derive corresponding asymptotic expressions with
very simple mathematical structures, which is then used to derive the diversity gain. Moreover,
the results can be extended and applied to relay-aided UWOC systems.
The rest of this paper is organized as follows. In Section II, the channel and system models
are presented. The end-to-end SNR statistics is proposed in III. In Section IV, the end-to-end
performance metrics are studied. Numerical results are discussed in Section V, followed by the
conclusion in Section VI.
II. SYSTEM AND CHANNEL MODELS
We consider the same point-to-point vertical UWOC system as that in [12], where the source
node at a depth of d0 vertically communicates with the destination node at a depth of dT + d0
using IM/DD or heterodyne detection techniques. Considering the non-uniformity of turbulence
with depth, we adopt an N -layer structure to model the overall UWOC fading. Therefore, the
overall turbulence of a N -layer channel IN can be expressed as
IN=
N∏
n=1
In. (1)
The normalized fading in each layer is modeled using the mixture EGG distribution for
accounting the combined effects of the link loss due to scattering and absorption, and the
turbulence due to air bubbles and temperature gradients. The PDF of Ik is given by
fIi (Ii)=
ci (1− ωi)
IiΓ (ai)
exp
(
−
(
Ii
bi
)ci)(Ii
bi
)aici
+
ωi
λi
exp
(
− Ii
λi
)
, i = 1, 2, . . . , N (2)
where ωi is the mixture weight of the distribution, ai, bi and ci are the parameters related
to the exponential distribution, λi is the parameter related to the exponential distribution, for
i = 1, 2, . . . , N .
4To derive the overall turbulence IN of a N -layer system, we can first aim at the case N = 2
and derive the PDF of I2 = I1I2. To facilitate the following derivation, we express the PDF
fIi (Ii) in (2) into the form of H-function using [16, Eq. (2.1.5)] and [16, Eq. (2.9.1)] as
fIi (Ii)=
ci (1− ωi)
IiΓ (ai)
H1,00,1
(Ii
bi
)ci∣∣∣∣∣∣(ai, 1)

+
ωi
λi
H1,00,1
 Ii
λi
∣∣∣∣∣∣(0, 1)
 (3)
where H ·,··,· [·|·] is the H-Function [17, Eq. (1.2)]. Then, using [18, Eq. (P10.11a.3)], [16, Eq.
(2.1.5)], and Mellin transformation of two H-function [16, Eq. (2.8.11)], we can express fI2(I2)
as
fI2(I2)=
∫ ∞
0
fI1 (I1) fI2 (I2/I1)
I1
dI1
=
(1− ω1)ω2
I2Γ (a1) H
2,0
0,2
 I2
b1λ2
∣∣∣∣∣∣(1, 1), (a1, 1c1 )

+
ω1 (1− ω2)
I2Γ (a2) H
2,0
0,2
 I2
b2λ1
∣∣∣∣∣∣(1, 1), (a2, 1c2 )

+
(1− ω1) (1− ω2)
I2Γ (a1) Γ (a2) H
2,0
0,2
 I2
b1b2
∣∣∣∣∣∣(a1, 1c1) , (a2, 1c2 )

+
ω1ω2
I2 H
2,0
0,2
 I2
λ1λ2
∣∣∣∣∣∣(1, 1), (1, 1)
 (4)
Then, I3 = I2I3 can be derived using a similar approach. By analogy, noticing the simi-
larity between 3 and 4, we can obtain the overall turbulence IN as (7), where
∑
in∈{0,1} ,∑1
i1=0
∑1
i2=0
. . .
∑1
iN=0
.
The PDF of the instantaneous SNR at the destination node is defined as γN = (ηIN)r /N0,
where η is the effective photoelectric conversion ratio, N0 denotes the power of additive white
Gaussian noise, and r indicates the types of detection techniques employed, where r = 1 for
heterodyne detection and r = 2 for IM/DD. γN can be easily derived from (7) as (8).
5III. PERFORMANCE METRICS
A. Average BER
A unified average BER expression proposed in [19], which is valid for a variety of modulation
methods under both heterodyne and IM/DD techniques is given as follows
Pe =
∫ ∞
0
fγN (γN)Γ (p, γqk)︸ ︷︷ ︸
Ξ
dγ (5)
where p and qk are parameters associated with the modulation and the detection schemes, namely
IM/DD and heterodyne detection and is given in [15, Table III]. As with the derivation of (4),
we derive the average BER of a 2-layer vertical UWOC system first.
Substituting (8) with N = 2 into (5) and converting all H-functions in (5) into the form of
line integral [16, Eq. (2.8.11)], the integrand Ξ can be expressed as
Ξ=−iω1 (1− ω2)
2piΓ (a2)
∫
L
Γ(rs+ 1)Γ
(
rs
c2
+ a2
)
((b2λ1)
r µr)
s
×
∫ ∞
0
γ−s−1Γ (p, γqk) dγds− i (1− ω1)ω2
2piΓ (a1)
∫
L
Γ(rs+ 1)
×Γ
(
rs
c1
+ a1
)
((b1λ2)
r µr)
s
∫ ∞
0
γ−s−1Γ (p, γqk) dγds
−i (1− ω1) (1− ω2)
2piΓ (a1) Γ (a2)
∫
L
Γ
(
rs
c1
+ a1
)
Γ
(
rs
c2
+ a2
)
×((b1b2)r µr)s
∫ ∞
0
γ−s−1Γ (p, γqk) dγds− iω1ω2
2pi
×
∫
L
Γ(rs+ 1)2 ((λ1λ2)
r µr)
s
∫ ∞
0
γ−s−1Γ (p, γqk) dγds
(6)
Then, by solving all the integrals with respect to x in (6), and using [20, Eq. (6.451.2)], [21,
Eq. (5.25)], and (6), the average BER of the 2-layer vertical UWOC system can be derived in
closed-form and extended to the general cases with N layers, which is shown in (9) via analogy,
where µr = (ηE[I])r/N0.
In the following, we derive the asymptotic average BER expression. For the sake of brevity,
we consider the case N = 2. Noticing that When the transmitting power µr goes to infinity,
the values of the variables in all H-functions tend to zero. Hence, we use [16, Eq. (1.8.9)] to
asymptotically expand all the H-functions in (9) with N = 2 near zero and obtain the asymptotic
average BER expression in (12). Moreover, According to the asymptotic BER expression, the
diversity order of the 2-layer vertical UWOC system can be easily obtained as min
{
1
r
, a1c1
r
, a2c2
r
}
.
6fIN (IN) =
∑
in∈{0,1}
1
I
N∏
n=1
(−1)inω(n) + in
Γ (an)
in
HN,00,N
IN N∏
n=1
(
λn
bn
)in
λn
∣∣∣∣∣∣∣(ai11 , c−i11 ) , . . . , (aiNN , c−iNN )
(7)
fγN (γN) =
∑
in∈{0,1}
1
γN
N∏
n=1
(−1)inω(n) + in
Γ (an)
in
HN,00,N
γN
µr
N∏
n=1
1
λrn
(
λn
bn
)rin∣∣∣∣∣∣(ai11 , rc−i11 ) , . . . , (aiNN , rc−iNN )
(8)
Pe=
δ
2Γ(p)
n∑
k=1
∑
iN∈{0,1}
1
γ
N∏
n=1
(−1)inω(n) + in
Γ (an)
in
HN,22,N+1
 1
qkµr
N∏
n=1
(
λn
bn
)rin
λrn
∣∣∣∣∣∣∣
(1, 1), (1− p, 1)(
ai11 , rc
−i1
1
)
, . . . ,
(
aiNN , rc
−iN
N
)
, (0, 1)
(9)
B. Ergodic Capacity
The overall ergodic capacity expression is given by
C =
∫ ∞
0
fγN (γN) log(γNτ + 1)dγN (10)
where τ is a constant equal to τ = e
2pi
. We first derive the case N = 2, we first convert log(γ2τ+1)
into the form of H-function [15] as H1,22,2
γτ
∣∣∣∣∣∣ (1, 1), (1, 1)(1, 1), (0, 1)
. Substituting the expression of
fγ2(γ2) obtained from (8) by setting N = 2 into (10), we can transform (10) into the form like
(4) so that we can solve (10) in a similar way. Due to the space limit the derivation is omitted.
The ergodic capacity expression for a N -layer vertical UWOC system is given in (13).
C=
r (1− ω1)ω2
Γ (a1)
H3,11,3
(b1λ2)−r
τµr
∣∣∣∣∣∣ (0, 1)(0, 1), (0, r), (a1, rc1 )

+
rω1 (1− ω2)
Γ (a2)
H3,11,3
(b2λ1)−r
τµr
∣∣∣∣∣∣ (0, 1)(0, 1), (0, r), (a2, rc2 )

+
(1− ω1) (1− ω2)
Γ (a1) Γ (a2)
×H4,12,4
(b1b2)−r
τµr
∣∣∣∣∣∣ (0, 1), (1, 1)(0, 1), (0, 1), (a1, rc1 ), (a2, rc2 )

+rω1ω2H
3,1
1,3
(λ1λ2)−r
τµr
∣∣∣∣∣∣ (0, 1)(0, 1), (0, r), (1, r)
 (11)
7Next, we derive the asymptotic ergodic capacity expression for the N -layer system. According
to the definition of H-function, the path of the integration L should separates all the poles
bjl =
−bj−l
βj
(j = 1, · · · ,m; l = 0, 1, 2, · · · ) to the left and aik = 1−ai+kαi (i = 1; · · · , n; k =
0, 1, 2, · · · ) to the right. Observing that, for each H-function in (13), the largest pole from
left equals to 0, and the smallest pole from right equals to 1, hence the corresponding line
integral converges for 0 < L < 1. Then, the asymptotic expansion of H-function at zero can be
approximated by evaluating the residues of the line integral at the largest poles from left [16,
Eq. (1.1.2)]. After some simplification, the asymptotic expression of ergodic capacity can be
expressed in a concise form as (14).
P asye =
δ
2Γ(p)
n∑
k=1
− ω1ω2 r−1Γ
(
p+
1
r
)
log
(
(λ1λ2)
−r
qkµr
) (
(λ1λ2)
−r
qkµr
) 1
r
+ (1− ω1) (1− ω2)
×
Γ (p+ a1c1r )Γ
(
a2 − a1c1c2
)
Γ (a1 + 1) Γ (a2)
(
(b1b2)
−r
qkµr
)a1c1
r
+
Γ
(
p+ a2c2
r
)
Γ
(
a1 − a2c2c1
)
Γ (a1) Γ (a2 + 1)
(
(b1b2)
−r
qkµr
)a2c2
r

+
ω1 (1− ω2)
Γ (a2)
(
Γ
(
p+
1
r
)
Γ
(
a2 − 1
c2
)(
(b2λ1)
−r
qkµr
) 1
r
− Γ (−a2c2) Γ
(
p+
a2c2
r
)
c2
(
(b2λ1)
−r
qkµr
)a2c2
r
)
+
ω2 (1− ω1)
Γ (a1)
(
Γ
(
p+
1
r
)
Γ
(
a1 − 1
c1
)(
(b1λ2)
−r
qkµr
) 1
r
− Γ (−a1c1) Γ
(
p+
a1c1
r
)
c1
(
(b1λ2)
−r
qkµr
)a1c1
r
)
(12)
C = r
∑
iN∈{0,1}
N∏
n=1
(−1)inω(n) + in
Γ (an)
in
HN+2,12,N+2
 1
τµr
N∏
n=1
1
λrn
(
λn
bn
)rin∣∣∣∣∣∣ (0, 1), (1, r)(ai11 , rc−i11 ) , . . . , (aiNN , rc−iNN ) , (0, 1), (0, r)
(13)
Casy = r
(
n∑
k=i
(1− ωi)ψ (ai)
ci
)
+ log
(
τµir
N∏
i=1
λrωii b
r(1−ωi)
i
)
− γr
n∑
k=i
ωi (14)
IV. NUMERICAL AND SIMULATION RESULTS
Here, we compare the values of the BER and ergodic capacity obtained via Monte Carlo
simulations with the derived exact and asymptotic expressions for the N -layered vertical UWOC
8system in the presence of air bubbles and temperature gradients with both heterodyne and IM/DD
schemes to illustrate the correctness of the presented mathematical formulation. The height of
each floor di, i = 1, 2, . . . , N is 1 m. The parameters ωi, λi, ai, bi and ci with i = 1, 2, . . . , N
(see Lists I and II in [15]) obtained from laboratory experiments indicate different levels of air
bubbles at constant or gradient temperature, and is shown to have the capacity to model a variety
of real ocean environments. For the sake of simplicity, in the following simulations, we use [·, ·]
to present the values of [air bubbles level, temperature gradient].
In fig. 1, we present the BER along with simulation results of a 2-layered 2 m vertical UWOC
system under temperature gradient and different levels of air bubbles for both OOK and BPSK
schemes. The parameters of the first layer are [2.4, 0.05] in both scenarios. The parameters for
the second layer of Scenario 1 and Scenario 2 are [2.4, 0.10] and [2.4, 0.20], respectively. We
can see from this figure that the analytical and simulation results match perfectly. Moreover,
the level of the air bubbles in the second layer of Scenario 2 is larger than its counterpart of
Scenario 1, which causes the overall turbulence of Scenario 2 to be much larger than that of
Scenario 1, resulting in stronger turbulence and thus poorer performance in Scenario 1. Also, it
can be clearly shown that OOK modulation outperforms BPSK modulation in all SNR regions.
Besides, in the high SNR region, the asymptotic and analytical results match very well, which
confirms the correctness of our asymptotic expression.
Fig. 2 shows the ergodic capacity along with simulation results of a 2-layered 2 m vertical
UWOC system under uniform temperature (i.e., the second slot in [·, ·] is 0) and different levels
of air bubbles for BPSK scheme in salty water. The parameters of the first layer are [2.4, 0] in
both scenarios. The parameters for the second layer of Scenario 1 and Scenario 2 are [16.5, 0] and
[2.4, 0], respectively. We can observe from this figure that as the level of air bubbles increases,
turbulence-induced fading increases, resulting in reduced ergodic capacity. Besides, we can see
that the asymptotic expressions of the ergodic capacity not only have simple forms, but also
matches the analytical results starting from a small value of SNR for both scenarios. Also, the
analytical and simulation results agree very well for all the SNR ranges.
The BER along with simulation results of a 3-layered 3 m vertical UWOC system under
temperature gradient and same levels of air bubbles for BPSK modulation are shown in fig 3.
Parameters in each layer for scenario 1 are [2.4, 0.05], [2.4, 0.05], and [2.4, 0.05]; for scenario 2 are
[2.4, 0.05], [2.4, 0.10], and [2.4, 0.20]; for scenario 3 are [2.4, 0.20], [2.4, 0.20], and [2.4, 0.20]. We
can see from this figure that the analytical results fit well with the simulation results. Moreover,
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Fig. 1. Error rate performance of the SWIPT-based DAF with different fading parameters m and d0 = d1 = d2 = 1, η = 0.7,
θ = 0.5 and α = 2.
the BER performance of the system is related to the overall turbulence, which is a function
of the turbulence in each layer. Specifically, scenario 1 has the smallest temperature gradient
in each layer and therefore obtains the best performance. The third set of data has the largest
temperature gradient in each layer and therefore the poorest performance. Between these two
extremes, scenario 2 obtains the medium performance due to the moderate overall turbulence.
Fig. 4 shows the ergodic capacity of a 3-layered 3 m vertical UWOC system under temperature
gradient and different levels of air bubbles for BPSK modulation. Parameters in each layer for
scenario 1 are [2.4, 0.05], [2.4, 0.05], and [2.4, 0.05]; for scenario 2 are [2.4, 0.05], [2.4, 0.20],
and [2.4, 0.20]; for scenario 3 are [4.7, 0.05], [4.7, 0.10], and [4.7, 0.10]. Fig. 4 shows that the
asymptotic results are tide in high SNR region. Also, the simulation results show a perfect
agreement with the analytical results. Moreover, as shown in this figure, when the temperature
gradient or the level of air bubbles decreases, the ergodic capacity of the system increase leading
to a system performance improvement.
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